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INTRODUCTION

This thesis addresses the qualitative theory of stochastic differential equa-
tions. The chosen approach is strongly influenced by ideas of Poincaré and
Lyapunov, both of them investigating yet at the begin of the century solu-
tion properties of deterministic problems, which can be concluded from the
form of the given equations. Poincaré created consequently a global theory,
especially by the fact, that he considered from the very beginning differen-
tial equation on manifolds, whose geometry he took in account. Lyapunov
developed his well-known theorems regarding the stability behaviour for so-
lutions of differential equations, whereby the eigenvalues of the linearized
problem play an outstanding role. For stochastic differential equations are
eigenvalues less important. But Oseledec showed at the end of the sixties
the existence of invariants for dynamical systems in measure spaces, which
he was investigating at this time. These invariants were indicating some
eigenvalue related properties. Utilizing this invariants – called Lyapunov
exponents – it is possible to gain stability conclusions also for stochastic
systems. The primary objective of this thesis was an replacement of the
stability statements of the above named theory by an equivalent theorem
grounded in local analytical bifurcation theory. For different reasons, ex-
plained closer in chapter 3, turns this approach out to be not an adequate
one.
The investigations still gave a calculation of Lyapunov coefficients for the
case of linearizations with constant coefficients.



1. FREDHOLM OPERATORS AND ANALYTICAL
BIFURCATION THEORY IN BANACH SPACES

1.1 Fredholm Operators

Let F be a mapping from a Banach space X in a Banach space Y . For
x ∈ X and y ∈ Y consider the equation:

Fx = y

Additionally, let
F ∗x = y∗

the adjunct (dual) equation.

Let N(F ) and R(F ) denote null space respective range of F . Given a linear
subspace M , his co-dimension is defined by

codim(M) def= dim(M⊥)

where M⊥ denotes the orthogonal complement from M .

Definition 1.1.1. F ∈ L(X,Y ) is a linear Fredholm operator if and
only if dim(N(F )) and codim(R(F )) are finite. ind(F ) def= dim(N(F )) −
codim(R(F )) is said to be the index of F .

The nonlinear operator F on U ⊆ X (U open) who maps U in Y is a
Fredholm operator if and only if:

(i) F is C1-mapping, i.e. it exists a continuous Frechét-derivative.

(ii) DF (x) is linear Fredholm operator ∀x ∈ U

If the index of DF (x) is constant ∀x ∈ U then he is called index of F .

Let F be a linear Fredholm operator. Then the following assertions are true:
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• If ind(F ) = 0 and N(F ) = {0} y Fx = y has an unique solution
∀y ∈ Y and F−1 ∈ L(Y,X).

• Suppose R(F ) is closed. For fixed y ∈ Y is Fx = y solvable if and
only if 〈x∗, y〉 = 0 ∀x∗ ∈ N(F ∗)1)

• The perturbed operator F + C (C ∈ L(X,Y )) is likewise a Fredholm
operator, if one of the following conditions is true:

(i) C is compact

(ii) ‖C‖ < λ , λ > 0

In this case ind(F + C) = ind(F ) is true.

• F ∗ is Fredholm operator with the subsequent properties:

dim(N(F ∗)) = codim(R(F ))
dim(N(F )) = codim(R(F ∗))

ind(F ) = −ind(F ∗)

The dual equation has a solution for fixed y∗ ∈ Y ∗ if and only if
〈y∗, x〉 = 0 ∀x ∈ N(F )

To evaluate the Fredholm property for the operator F , the following equiv-
alent formulation is used in many cases:

Theorem 1.1.2. [17, vol. 2 pp. 366/367] F ∈ L(X,Y ) is Fredholm op-
erator if and only if F is compact regularizable, i.e. ∃R,L ∈ L(Y,X) and
compact operators S ∈ L(Y, Y ), T ∈ L(X,X) with:

FR = IY + S

LF = IX + T

1.2 Analytical Bifurcation Theory in Banach Spaces

SupposeX and Y are two real or complex Banach spaces and F is a mapping
from K×X in Y . We consider the following equation:

F (ε, x) = 0 x ∈ X ε ∈ K (1.2.1)

K is R or C.

1) 〈x∗, y〉 denotes the value of the linear continuous functional x∗ at y.
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Definition 1.2.1. (ε0, x0) is called bifurcation point if and only if:

a) F (ε0, x0) = 0

b) There exist two series of solutions for (1.2.1) {(εn, xn)}, {(εn, yn)} con-
verging towards (ε0, x0) with xn 6= yn for all n.

Corollary. If (ε0, x0) is bifurcation point for (1.2.1) and F C1-mapping on
a neighborhood of (ε0, x0) then F−1

x (ε0, x0) is not element of L(Y,X).

This results immediately from the uniqueness statement in the implicit func-
tion theorem, which is violated by b).

Theorem 1.2.2. Let

(i) F : U(0, 0) ⊆ K⊗X 7→ Y, Ck-mapping k ≥ 1, F (0, 0) = 0

(ii) Fx(0, 0) Fredholm operator with index κ, dim(N(Fx(0, 0))) = n

Then is the solution of F (ε, x) = 0 equivalent to the solution of a (n −
κ)-dimensional equation system over K in n+1 variables. These equations
are also called bifurcation equations.2)

Proof. (outline)3) Using the implicit function theorem, we transform (1.2.1)
in the bifurcation equations. For this, we split Fx in two parts, one of
them a bijective mapping (thus allowing solvability). The decomposition is
conducted by appropriate projection operators. The second part – which
cannot treated with the implicit function theorem – is finite dimensional
because the Fredholm property.
Let B def= Fx(0, 0). Then exist two projection operators P,Q with:

P : X 7→ X, P (X) = N(B)
Q : Y 7→ Y, (I −Q)(Y ) = R(B)

They can be represented in the following form4):

Px =
n∑

i=1

〈y∗i , x〉xi

Qy =
m∑

i=1

〈x∗i , y〉yi

2) The exact form of the bifurcation equations will be derived in the proof.
3) See [17, vol. 2 pp. 279/280] for the complete proof.
4) The essential reason for the existence of the projections lies in the finite dimensionality

of N(B) and R(B)⊥. This allows the representation of X and Y as direct topological
sum [17, p. 369].
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The y∗i form in combination with the xi a biorthogonal base. Similarly, the
x∗i and yi constitute such a base. (1.2.1) is equivalent to:

(I −Q)F (ε, y + z) = 0 (a)
QF (ε, y + z) = 0 (b)

y = (I − P )x z = Px

(a) is solvable in y and we get y = y(ε,z). Substituting y in (b) by this
solution gives the bifurcation equations:

QF (ε, y(ε, z) + z) = 0 (c)

The dimension of (c) is codim(I-Q) = n−κ. The number of variables is
evidently n+1. On the other hand, solving (c) gives z = z(ε) and x =
y(ε,z(ε)) + z(ε) solves (1.2.1).

Remark. The described reduction of the original system to the bifurcation
equations is called Lyapunov-Schmidt procedure.



2. CENTER MANIFOLDS

2.1 Deterministic Case

Before proceeding with the stochastic case, we introduce some concepts for
deterministic center manifolds.
We consider a system of ordinary autonomous differential equations in Rn

in the neighborhood of a critical point x0:

ẋ = f(x) , f(x0) = 0 (2.1.1)

respectively the decomposition in a linear and a nonlinear part:

ẋ = A(x) + g(x) (2.1.2)

A is the matrix of the first derivatives in the point x0. It is evident, that f has
been assumed as C1 vector field (r ≥ 1). Without loss of generality choose
x0 = 0. If this is not true per se, we perform an appropriate coordinate
shift. If g still contains linear parts, we add them to A, i.e. we require for g
and his Jacobi matrix to vanish in 0:

g(0) = Dg(0) = 0

Now, we transform A in Jordan normal form, thus splitting (2.1.2) in three
equation systems:

ẋ1 = Asx1 + gs(x1, x2, x3) (2.1.3)
ẋ2 = Aux2 + gu(x1, x2, x3) (2.1.4)
ẋ3 = Acx3 + gc(x1, x2, x3) (2.1.5)

The following table shows the relation between the spectrum of A and the
single Ai:

Matrix Real part of eigenvalues
As < 0
Au > 0
Ac = 0
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The subscript in Ai characterizes the stability behaviour of the associated
solutions. For equations with linearization As and Au exist the classical re-
sults from Lyapunov, connecting the stability respective instability of the
solution with the sign of the eigenvalues.[15, p. 312 ff.]. A more general-
ized result is given by the theorem from Hartman-Grobman for hyper-
bolic fixed points of a dynamical system. It states, that the stability of a
(non-linear) dynamic system in the neighborhood of such a fixed point is
exclusively defined by his linearization [2, p. 287]. More precisely, it ex-
ist a (local) homeomorphism between the flow, generated from the original
system, and the flow of the linear system1). This mapping preserves also
the direction of time. The fixed point is said to be hyperbolic, if all of the
eigenvalues of the matrix for the linearized system are different from zero
and not purely imaginary. In a neighborhood of the point the existence of
two manifolds Ws,Wu can be ensured. The manifolds points converge to the
fixed point, if they are mapped by the flow, which is generated from the dif-
ferential equation. They do so for Wu, if t→ −∞ (local unstable manifold)
and for Ws, if t → ∞ (local stable manifold). In a way, both manifolds are
non-linear analogies of the (generalized) eigen spaces Es and Eu, associated
to the matrices As and Au. Ws is tangent to Es and analogously Wu is
tangent to Eu [8, p. 14].
Up to now, nothing has been said about the matrix Ac. Whereas Wu and
Wu allow a definition immediately from stability criteria, this is not appro-
priate for the definition of a center manifold below. Those elements are able
to show stable or unstable behavior.

Definition. Let ϕ(t, x) def= (ϕs(t, x), ϕu(t, x), ϕc(t, x)) denote a solution of
(2.1.3-5) with initial value x.
A local Ck center manifold for (2.1.3-5) is a set M ⊂ Rn

M = {(xc, hs(xc), hu(xc)) | ‖xc‖ ≤ ε, xc ∈ Ec, ε > 0}

with
hs : Ec 7→ Es, hu : Ec 7→ Eu are Ck-mappings, k ≥ 1
hs,u(0) = Dhs,u(0) = 0

Additionally, the set shall have the following invariance property:

ϕ(t, xc, h(xc)) ∈M and ∀(xc, h(xc)) ∈M : ‖ϕc(t, xc, h(xc))‖ ≤ ε

h(xc)
def= (hs(xc), hu(xc))

1) Assigning additional requirements to the linearizations eigenvalues (also called res-
onance conditions) it is possible to achieve even diffeomorphic resp. holomorphic
equivalence. This is expressed in the theorems of Sternberg, Poincaré and Siegel
(see [3]).
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y

x

Example. [16, p. 194 following A.Kelly]

Consider the system

ẋ = x2

ẏ = −y

with solution

x = − 1
t+ C1

, y = C2e
−t (*)

The Ci depend on the initial conditions. The associated Matrix for the lin-
earized (in 0) equation has two eigenvalues 0 and -1. The x-axis equals to
the space Ec, the y-axis coincides with Es. The following relation defines a
center manifold Wc in the phase space:

y(x) =
{
Ce1/x : x < 0

0 : x ≥ 0

with C def= C2e
C1.

Elimination of t in (*) gives the term for x < 0. The construction guaran-
tees the invariance of Wc.

One can realize clearly the relatively complex structure for the center mani-
fold. She divides into infinite many submanifolds – determined through the
variation of the initial value.
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Under the same assumptions as to stable (unstable) manifolds exist theo-
rems, assuring the existence of center manifolds for equations of type (2.1.3-
5)[3, pp. 56/57 without proof]. Contrary to Ws,u – which possesses the same
differentiability properties – the former is generally only Cr−1-manifold. The
lacking differentiability extends also to the case r = ∞ and even to analyt-
ical vector fields [3, ib]2). Also is a center manifold not at all unique (cf.
[14, p. 445 ff.] for the estimation of the distance between two different
center manifolds). These disadvantages are partly canceled by the following
theorem:

Theorem (Reduction Principle). [3, pp. 56/57 without proof]
Suppose the right side of (2.1.3-5) is C2-mapping. Then is (2.1.3-5) in a
neighborhood of the singularity topologically equivalent to (2.1.5) and the
standard saddle:

ẋ = −x x ∈ Es

ẏ = y y ∈ Eu

Remarks.

• The theorem reduces essential properties of (2.1.3-5) to the system
(2.1.5), which has often a much lower dimension compared with the
original system. Consider e.g. the bifurcation properties of parameter
dependent equations. Then, the eigenvalues also depend on these pa-
rameters. For a significant number of problems we have the situation
of only a few eigenvalues having vanishing real parts for fixed param-
eter values. Thus, the problem is equivalent to a system of equations
with a dimension equal to the dimension of the associated generalized
eigen spaces for this eigen values.

• The reduction principle can be proven under much weaker assumptions
(esp. in this local version). See [14] for additional information.

2.2 Stochastic Center Manifolds

2.2.1 Basic Concepts

Let (Ω,F, P ) be a complete probability space. We consider a measurable
flow {ϑt} of measure preserving transformations over Ω (cf. appendix about
the definition). Let I be the index range for t, with i ⊆ R1. {ϑt} is supposed
to be ergodic (see appendix).

2) The example above confirms the assertion. Wc is C∞-manifold but not analytic.
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Furthermore let ϕ : I × Ω × Rn 7→ Rn (t, ω, x) 7→ ϕ(t, ω, x) a mapping,
satisfying the properties:

(C1) ϕ(t, ·, x) is F,Bn -measurable for all t ∈ I and x ∈ Rn

(Bn is the σ-field of Borel sets in Rn)

It exist a ϑt-invariant set Ω0 with measure 1 in Ω, so that for all ω ∈ Ω0 the
following conditions are true:

(C2) ϕ(t, ω, x) is continuous in (t, x) ∈ I ×R

(C3) It exist a k ≥ 1, so that ϕ(t, ω, ·) is Ck,α-diffeomorphism 3) for all t ∈ I

(C4) (cocycle property)
ϕ(t+ s, ω, ·) = ϕ(t, ϑsω, ·) ◦ ϕ(s, ω, ·) for all t, s ∈ I

Definition 2.2.1. The introduced mapping ϕ is called cocycle of Ck,α-
diffeomorphisms over ϑt on Rn.4)

Remarks.

• Let ẋ = f(x) a system of ordinary autonomous differential equations
in Rn. Assume a solution ϕ(t) for the system with initial condition
ϕ(0) = ξ has been given. Fixing ξ and introducing

y(t) def=
∂ϕ(t)
∂ξ

∣∣∣∣
ξ=x0

,

we obtain y(t) as a solution for the variation system:

ẏ =
∂f

∂x
(ϕx0(t)) y (*)

For variable ξ is ϕ a flow Tt over Rnand (*) is an element of a family
of differential equations{

ẏ =
∂f

∂x
(Ttξ) y y(0) = y0

}
ξ

3) A bijective mapping between manifolds (here Rn 7→ Rn), which along with their
inverse satisfies continuous differentiability up and including order k. The derivative
of order k is Hölder-continuous with Hölder coefficient α.

4) The cocycle is often seen as mapping from Rn to Rn (for (t, ω)) fixed).
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The family’s fundamental matrices

A(t, ξ) : y(0) 7→ y(t)

constitute a deterministic cocycle

A(t+ s, ξ) = A(t, Tsξ) ◦A(s, ξ) for all s5) (**)

justified from the fact, that (**) is an equivalence to

y(t+ s) = ỹ(t)

y and ỹ are defined by two initial value problems

ẏ(t) =
∂f

∂x
(Ttξ) y(t) y(0) = y0

˙̃y(t) =
∂f

∂x
(TtTsξ) ỹ(t) ỹ(0) = y(s)

If we consider the first equation for the argument t+s and subtract the
equation for ỹ, then follows from the group property for Tt for every
fixed s

g(t) =
∂f

∂x
(Tt+sξ) g(t) g(0) = 0

with

g(t) def= y(t+ s)− ỹ(t)

y g(t) = ce
∫

...dt g(0)=0
y g(t) ≡ 0

This finishes the proof.

For a more general dynamical system on a manifold, the differentials
build a cocycle if the tangential bundle is assumed to be a direct
product6) and for the associated matrices we have the relation

(dT t+s)x = (dT t)T sx(dT s)x

The subscript denotes the base of the corresponding fiber [11, p. 199].

• With view of the kind of concatenation for the expressions in (C4)
the cocycles are called multiplicative cocycles. If we have a matrix
formulation and we switch to the logarithm for the matrix norm, we
get an additive cocycle (” ◦ ” is replaced by +).

5) The solution for the original system exist in general of course only locally. Hence,
all of the considered t,s,t+s have to be assumed as elements of a maximal existence
interval.

6) A counterexample is the Möbius band.
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Definition 2.2.2. A probability measure µ on Ω× Rn is called invariant
relative to the cocycle ϕ, if

(i) the restriction of µ to Ω is P .

(ii) µ is invariant relative to the skew-product flow Θt:

Θt : Ω×Rn 7→ Ω×Rn

(ω, x) 7→ (ϑtω, ϕ(t, ω, x))

i.e. µΘt = µ (q.v. appendix)

Theorem 2.2.3. µ is invariant related to ϕ if and only if Θt(ω, x) forms a
strict-sense stationary process on (Ω×Rn, µ) with values in (Ω×Rn,F⊗Bn)

Proof. See [6, p. 24]

2.2.2 The Ergodic Theorem of Oseledec

We will now consider the derivative of ϕ in x ∈ Rn, in other words, a
mapping between tangent spaces of Rn:

Let v ∈ TxR
n and σ(τ) a curve in Rn with σ(0) = x and dσ

dτ

∣∣
τ=0

= v(x).
The derivative of ϕ in x for fixed (t, ω) is then defined by

Tϕ(t, ω, x) : TxR
n 7→ Tϕ(t,ω,x)R

n

Tϕ(t, ω, x)v def=
d

dτ

∣∣∣∣
τ=0

ϕ(t, ω, σ(τ))

It is well known, that this definition actually not depends on σ, but only on
v [5, p. 45]. In the considered case leads the introducing of coordinates to
a representation by the Jacobi matrix.
Also the mapping Tϕ(t, ω, x) is a cocycle in respect of Θt on Ω × Rn. In-
terpreting Tϕ as mapping of the whole tangent bundle, it represents a so
called measurable isomorphism [11, pp. 210/211]. I.e. in our case a map-
ping, which preserves the tangent bundle and whose restriction to mappings
between the single fibers is a linear isomorphism. Measurable isomorphisms
build the general model of mappings used by Oseledec in his original paper
(the definition and some properties can be found in a very tense form in [11,
p. 212 ff.]).
Nowadays, the various original statements will be mostly collected in a sin-
gle theorem. Such a version shall now be given. It has been adapted to the
intended use in stochastics, but in company with the original paper [11, pp.
217-230] the proof is comprehensible.
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Definition 2.2.4. The Lyapunov coefficient of the linearized cocycle
Tϕ(t, ω, x) in the point x ∈ Rn in direction v ∈ TxR

n, v 6= 0 under the
influence of ω is the number:

λ(ω, x, v) def= lim sup
t→∞

1
t

ln ‖Tϕ(t, ω, x)v‖

Theorem 2.2.5 (Multiplicative Ergodic Theorem of Oseledec). Con-
sider a given cocycle ϕ on Rn over ϑt and an invariant (see Definition 2.2.2)
ergodic (see appendix) probability measure on Ω×Rn. If the condition∫

Ω×R

ln+ sup
0≤t≤1

‖(Tϕ(t, ω, x))±1‖ dµ <∞

ln+(x) def= max(0, ln(x))

is true, then exists a Θt-invariant subset Γ ⊂ Ω × Rn with measure 1 and
real numbers λr < . . . < λ1 (1 ≤ r ≤ n) with multiplicities ni :

∑r
i=1 ni = n,

so that for all (ω, x) ∈ Γ is true:

(i) It exists a measurable invariant decomposition

Rn = Er(ω, x)⊕ . . .⊕ E1(ω, x), dimEi(ω, x) = ni

Ei(Θt(ω, x)) = Tϕ(t, ω, x)Ei(ω, x) i ∈ {1 . . . r}

(ii) The Lyapunov exponent of the linearized cocycle satisfies

λ(ω, x, v) = λi ⇔ v ∈ Ei(ω, x)

The tuples (λi, ni) compose the Lyapunov spectrum belonging to µ. The
Ei(ω, x) are called Oseledec spaces.

Remarks.

• The Ei can be interpreted as mapping Ω × Rn 7→ Gni(R
n). Gni(R

n)
denotes the Grassmann bundle built up from the ni-dimensional sub-
spaces of the tangent spaces of Rn (More information is found in [1,
p. 145 ff. and p. 175 ff.]. The manifolds open sets generate a σ-field
of Borel sets over Gni(R

n). The term ”measurable” in (i) relates to
this σ-field. Invariance is equivalent to the second relation in (i).

• The integrability condition ensures the existence and certain invari-
ances for the limes in the definition of Lyapunov coefficients by using
the ergodic theorem from Birkhoff [11, pp. 207-209]. She is automati-
cally satisfied, if Rn is replaced by a compact manifold. However, this
is too restrictive for the stochastic case, since it requires a compact
probability space.
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2.2.3 Stochastic Differential Equations and Cocycles

This chapter investigates the existence of the formerly introduced cocycles
for dynamical systems, which are representable as stochastic differential
equations. For this purpose these equations must be defined on the entire
R1. This will become more clear, if we calculate the inverse of a cocy-
cle. Since the base flow ϑt forms a group we get ϕ(0, ω, ·) = ϕ2(0, ω, ·), i.e.
ϕ(0, ω, ·) is the identity. Utilizing the cocycle property we get

ϕ−1(t, ω, ·) = ϕ(−t, ϑtω, ·)

and negative times on the right hand side come in view. Thus, we have to
find in our case a probability space, which allows the definition of a Wiener
process for all times. The following construction has been given in [6, p. 33
ff.]. Starting point is the canonical model of a Wiener space:

Ω def=
{
ω ∈ C(R+, Rm) |ω(0) = 0

}
, m ≥ 1

F (completed) Borelian σ-field of events
P Wiener measure on (Ω,F)

Over this space a m-dimensional Wiener process is defined, which can be
identified with ω(t) [12, p. 17 ff. and p. 30 ff.]. Considering two copies of
this space, we can define the Brownian motions

ω+(t) def= ω1(t) t ≥ 0

ω−(t) def= ω2(−t) t ≤ 0

(The subcripts denote the respective space)

The product of the both to ω+ and ω− associated spaces forms the requested
probability space:7)

(Ω,F, P ) def= (Ω+ × Ω−,F+ ⊗ F−, P+ × P−)

The Wiener process in (Ω,F, P ) is defined by

ω(t) def=
{

(ω+(t), 0) : t ≥ 0
(0, ω−(t)) : t < 0

For the proof that ω(t) is a Wiener process, it is sufficient to show the inde-
pendence of the increments. The other properties follow immediately from

7) To simplify things, we will use the notations from the canonical model above again.
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the construction. The increments Gauss distribution shortens this even fur-
ther to show non-correlation [6, p. 34].

It exist a flow of ”shifts” {ϑt} on Ω:

ϑtω(s) def= ω(s+ t)− ω(t)

Lemma 2.2.6. P is invariant and ergodic relative to the flow {ϑt}

Proof. See [6, p. 35 ff.]

Check also [12, pp. 32-37] for various invariance properties of the Wiener
measure.

After this preparations, we can formulate the system of Stratonović differ-
ential equations

dxt = X0(xt) dt+
m∑

i=1

Xi(xt) ◦ dWi(t) x0 = x ∈ Rn (2.2.1)

The Wi are independent Wiener processes. The systems domain is the entire
time axis.

Theorem 2.2.7. Let the vector fields Xi fulfill the following conditions:

• X0 is global Ck,α-function k ≥ 1, α > 0

• Xi is Ck+1,α-function k ≥ 1, α > 0, i ∈ {1 . . .m}

• The derivatives (including the one for the highest order) for all Xi’s
are bounded

Then defines (2.2.1) for almost all ω a local cocycle of Ck,β-diffeomorphisms
over ϑt with β < α.

(No proof)

Prior to applying the multiplicative ergodic theorem we give some proposi-
tions regarding the linearizations of (2.2.1).

Theorem 2.2.8. The linearized cocycle Tx(t, ω, x) : Rn 7→ Rn, v 7→ vt is
generated by the following Stratonović equation:

dvt = A0(xt(ω, x))vt dt+
m∑

i=1

Ai(xt(ω, x))vt ◦ dWi(t) v0 = v ∈ Rn

(2.2.2)
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Here, xt(ω, x) is solution for (2.2.1). The Ai(y) are the Jacobi matrices of
Xi in y.

(No proof)

Remark. Arnold gives no proofs in his paper. They can be concluded with
some effort from a much more generalized theorem in [10, pp. 160-180].

2.2.4 Definition of Stochastic Center Manifolds

In the deterministic problem we have been considered a fixed point with
neighborhood, which allows a linearization. In the general case we have
exclusively cocycle, linearized cocycle and an ergodic, invariant measure.
But one would be mistaken yet in the deterministic case by the term fixed
point – defined through the vanishing vector field of the equation – if we
had not an alternative description. He also is literally a fixed point of the
associated flow – a point, not moving under the influence of the flow in time.
Following this path a fixed point is then a probabilistic element in Rn, which
remains stationary under the the impact of the cocycle8).
Let us go back to the more general premises of Oseledec’s theorem. We
apply a coordinate transformation to the cocycle, which enables without
loss of generality the fixed point to be in 0:

ϕ̂(t, ω, x, v) def= ϕ(t, ω, x+ v)− ϕ(t, ω, x) x ∈ Rn, v ∈ TxR
n

It is simple to show, that ϕ̂ forms a cocycle with fixed point in the origin
[6, p. 48 Theorem 4.1].
To satisfy the assumption for the ergodic theorem, we have to find for ϕ̂ a
probability space and an ergodic, invariant measure on the product space
of this space with Rn9). Aside from this, we have to fulfill the integrability
condition for the linearized cocycle. The probability space is

(Ω̂, F̂, P̂ ) def= (Ω×Rn,F ⊗Bn, µ10))

The construction ’embeds’ the copy of Rn containing the base point of the
tangent space into the new robability space. The final form for the measure
on (Ω̂, F̂, P̂ ) is defined by

µ̂
def= P̂ ⊗ δ0 (δ0 . . .Dirac measure in 0).

8) From my point of view it is even for stochastic differential equations difficult, to
describe a fixed point through vanishing drift and diffusion terms (the right side of
the equation), albeit this can be still useful in other contexts .

9) The tangent space in x is identified with Rn.
10) µ is the required measure from the assumptions to the ergodic theorem.
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µ̂ is ergodic, since µ is ergodic and δ0 generates always sets of measure 0 or
1. Thus also the invariant sets have these measures. The invariance results
from a construction of an adequate skew-product flow [6, p. 50]

Θ̂t : Ω̂×Rn 7→ Ω̂×Rn

(ω̂, 0) 7→ (Θtω̂, ϕ̂(t, ω̂, 0))

The linearization in the new origin coincides with those of the original co-
cycle, i.e. the integrability condition is satisfied. Since the ergodic theorem
remains valid and the Lyapunov exponents are the same for both linearized
cocycle, we can further on assume a cocycle with fixed point zero and switch
back to our old notation. The theorem from Oseledec provides a partition
of Rn in a direct sum of Oseledec spaces:

Rn =
r⊕

i=1

Ei(ω, 0)

The invariance of Ei is implicated by the fixed point property:

Tϕ(t, ω, 0)Ei(ω, 0) = Ei(Θt(ω, 0)) = Ei(ϑtω, 0)

From this, it follows also

Rn =
r⊕

i=1

Ei(ϑtω, 0) ∀t ∈ R

From now we skip the last argument, because the precondition, that the
linearization point corresponds to 0.

Collecting the Lyapunov exponents with the same sign in different groups,
we get

Es(ω) def=
⊕
λi<0

Ei(ω)

Eu(ω) def=
⊕
λi>0

Ei(ω)

Ec(ω) def=
⊕
λi=0

Ei(ω)

Using the Ansatz

ψ(t, ω, x) def= ϕ(t, ω, x)− Tϕ(t, ω)x
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it follows
ϕ(t, ω, x) = Tϕ(t, ω)x+ ψ(t, ω, x)

Projecting the cocycle ϕ on the Oseledec spaces Es, Eu, Ec we get the final
partition

ϕs(t, ω, xs, xu, xc) = Tϕs(t, ω)xs + ψ(t, ω, xs, xu, xc) (2.2.3)
ϕu(t, ω, xs, xu, xc) = Tϕu(t, ω)xu + ψ(t, ω, xs, xu, xc) (2.2.4)
ϕc(t, ω, xs, xu, xc) = Tϕc(t, ω)xc + ψ(t, ω, xs, xu, xc) (2.2.5)

We can now define a stochastic center manifold for this system. To this end,
we consider a set of mappings of the following form:

X
def= {h : E 7→ F |h(ω, ·) : Ec(ω) 7→ Es(ω)⊕ Eu(ω) , (i) is true}

E
def=

⋃
ω∈Ω

{ω} × Ec(ω)

F
def=

⋃
ω∈Ω

{ω} × Es(ω)⊕ Eu(ω)

(i) h is almost surely continuous and bounded relative to the following for
almost all ω defined norm [6, pp. 58/59]:

‖h(ω, ·)‖∞,ω
def= sup

x∈Ec(ω)
(‖hs(ω, x)‖s

ω + ‖hu(ω, x)‖u
ω)

hs,u(ω) denotes the projections from h to the respective component
Es,u(ω) and furthermore

‖x‖s
ω

def=
∫ ∞

0
e−(λs+2β)τ ‖Tϕs(τ, ω)x‖ dτ x ∈ Es(ω)

‖x‖u
ω

def=
∫ ∞

0
e(λu−2β)τ ‖Tϕu(−τ, ω)x‖ dτ x ∈ Eu(ω)

‖x‖c
ω

def=
∫ ∞

0
e−2βτ ‖Tϕc(τ, ω)x‖ dτ x ∈ Ec(ω)

λs is the largest negative Lyapunov coefficient and λu the smallest of the
positive coefficients. The norms exist for all β with:

λs + 4β < 0, λu − 4β > 0, β > 0
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It is possible to define a pseudo-metric d on X as an expectation value by
the norm ‖ · ‖∞,ω:

d(h, ĥ) def= d(hs, ĥs) + d(hu, ĥu)

d(hs,u, ĥs,u) def=
∫
Ω

‖hs,u(ω, ·)− ĥs,u(ω, ·)‖∞,ω

1 + ‖hs,u(ω, ·)− ĥs,u(ω, ·)‖∞,ω

dP

The transition to equivalence classes of a.s. equality (X \̂ ) strengthens the
condition for the vanishing of the function d to a degree, that d becomes a
metric11).The associated convergence is convergence in probability.

Lemma 2.2.9. (X, d) is a complete metric space.

Proof. See [6, p. 62 ff.]

Remark. The norm ‖ · ‖s,u,c
ω has another remarkable property. She is equiv-

alent to the ordinary in Es,u,c(ω) induced euclidian norm, i.e there exist
random variables as,u,c(ω) and bs,u,c(ω) with

as,u,c(ω) ‖ · ‖Rn ≤ ‖ · ‖s,u,c
ω ≤ bs,u,c(ω) ‖ · ‖Rn

[6, p. 57 Lemma 4.2.]12)

Let us now consider a subset from (X, d), depending on a constant L > 0
with:

(i) Dih(ω, ·) exists for all j ∈ {0 . . . k}

(ii)

h(ω, ·) = 0

D1h(ω, ·) = 0 if k ≥ 1

(iii) ‖Djhs,u(ω, ·)‖∞,ω ≤ L
2 j ∈ {0 . . . k}

(iv) ‖Dkhs,u(ω, x)−Dkhs,u(ω, x̂)‖∞,ω ≤ L
2 ‖x− x̂‖c

ω ∀x, x̂ ∈ Ec(ω)

The subset of all h having the properties (i)–(iv) over a set with measure 1
is denoted by Ak(L). The set can depend on h.

11) From now, let X
def
= X \̂ .

12) The property is useful in allowing us below to transfer probability from the norm
function to the leading coefficients. This gives raise to special cases of Lipschitz
conditions, which have applications in the theory of stochastic differential equations.
For more information look for the term ’functional Lipschitz’ in [13, p. 195].
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Definition 2.2.10. Let h ∈ Ak(L). A set

M(ω) def= {(x, h(ω, x))| x ∈ Ec(ω)}

is called local stochastic Ck,1-center manifold for the cocycle ϕ, if she
conforms to the following condition:
It exist a random neighborhood U(ω) of the origin in Rn with:

ϕ(t, ω, y) ∈ U(ϑtω) −→ ϕ(t, ω, y) ∈M(ϑtω)
∀y ∈M(ω) ∩ U(ω) ∀t ∈ I

Following a theorem from Boxler (ib p. 102 theorem 6.1) such a Ck,1-center
manifold exist, if the kth derivative of the cocycle is Lipschitz-continuous
(see definition 2.2.1 property (C3)).
Coming back to the Stratonovic differential equations we see, that these
produce according theorem 2.2.7 only a Hölder-continous Ck,β-cocycle. But
a continous derivative provides us (mean value theorem) at least with a Lip-
schitz constant. Thus, we have in any case a Lipschitz continous Ck−1,1 co-
cycle. It follows, that the stochastic differential equation possesses a Ck−1,1

center manifold.

Theorem 2.2.11 (Reduction Principle).

(i) Consider the mapping

yc 7→ ϕc(t, ω, yc, h(ω, yc))

Then is true:

0 is (asymptotic) fixed point of ϕ if and only if 0 is (asymptotic) fixed
point of the reduced system above.

(ii) Let x = (xs, xu, xc) sufficient small. Then exists an y ∈ Ec(ω) as well
as a positive measurable random variable k(ω) and an η > 0 so that
the following becomes true:

‖ϕc(t, ω, xs, xu, xc)− ϕc(t, ω, yc, h(ω, yc))‖
a.s
≤ k(ω)e−ηt

‖ϕs(t, ω, xs, xu, xc)− hs
ϑtω(ϕc(t, ω, yc, h(ω, yc)))‖

a.s
≤ k(ω)e−ηt

‖ϕs(−t, ω, xs, xu, xc)− hs
ϑ−tω(ϕc(−t, ω, yc, h(ω, yc)))‖

a.s
≤ k(ω)e−ηt

for all t ≥ 0

Remark. Theorem 2.2.11 compares with [6, p. 120, theorem 8.1]. There
you can find the complete proof. The difference in the formulation of both
theorems originates from the usage of the above mentioned equivalent norm.



3. ANALYTICAL BIFURCATION THEORY AND CENTER
MANIFOLDS

This chapter gives justifications, why it is not adequate to apply determin-
istic bifurcation theory to stochastic dynamical systems. For this, we begin
with some motivational similarities between those and deterministic cen-
ter manifolds. Starting from this, the plan was an extension to systems of
stochastic ordinary differential equations. But this approach is not justified,
how some theoretical considerations and – most notably – counter examples
show.

We consider a system of ordinary differential equations:

ẋ = Ax+ f(x, λ), f(0, 0) = fx(0, 0) = 0, λ ∈ R1) (3.1)

Here, f is a mapping from Rn+1 × R to Rn+1 and C1-mapping relative to
x. A is a constant matrix of the form

A =
(

0 0
0 B

)
B is supposed to have no eigenvalues with vanishing real part. Hence, (3.1)
is a special case of the system considered at the beginning of chapter 2. Like
there we can write the decomposition

ẏ = g(y, z, λ) (3.2a)
ż = Bz + k(y, z, λ) (3.2b)

Using the Lyapunov-Schmidt procedure for the system (3.2a,3.2b) means
to solve (3.2b) for z (This is possible because B and k-s properties in a
sufficient small neighborhood) and the subsequent insertion of the solution
in the second part of (3.2a), which has been set to 0. It follows the bifurcation
equation

G(x, λ) def= g(y, z(y, λ), λ) = 0

On the other hand is it sufficient for stability assertions to consider (3.2a)
around a fixed point of (3.1). This is a conclusion from the reduction prin-
ciple. However, in this case the variable z(y, λ) has to be replaced by the

1) λ could also be an element of a Banach space.
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expression h = (hs, hu) from the definition of the center manifold and we
consider:

Ĝ(y, λ) def= g(y, h(y, λ), λ) = ẏ

With this assumptions, following theorem is true:

Theorem (Hale). The generated flows from the equations

ẏ = G(y, λ)

ẏ = Ĝ(y, λ)

are homeomorph. The homeomorphism preserves direction of time.

It is known (from construction) that G and Ĝ have the same zeros in a
neighborhood of (0,0). Thus the proof can be reduced essentially to show,
that the signs of G and Ĝ between the two zeroes are the same.

Let us lead over to stochastic equations. For linearizations of stochastic dif-
ferential equations, having diffusion matrices with deterministic noise term
σ as factor, it is possible to give an asymptotic series expansion for the
Lyapunov coefficients ([4]):

λ(σ) = λ(0) + c1σ + · · ·+ O(σn)

Here, λ(0) is an eigenvalue of the unperturbed problems. These kind of
expansions are in general true only for small perturbations σ. That means
that an additive partition of Lyapunov exponents in eigenvalue and per-
turbed part is valid only under certain circumstances.
The subsequent example results from P. Boxler (ib pp. 139-142) and
shows a similar difference as in the example above, this time for center man-
ifolds.

Consider the Stratonovic system

dut = a ut dt+ σ1ut ◦ dW1(t)

dvt = (b vt + c u2
t ) dt+ σ2vt ◦ dW2(t) σ1, σ2 > 0

The Lyapunov coefficients shall be 0 and 1. This can be simply accom-
plished, because the linearized system is decoupled in 0 and the solutions
can explicitly stated (It follows then a = 0, b < 0). Satisfying an approxi-
mation theorem for stochastic center manifolds [6, p. 136] which also covers
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the deterministic case, the center manifold h(ω,y) has the representation

h(ω, y) =

( ∞∑
n=0

ebne−σ2W2(−n)(ω) × . . .

. . .×
∫ 1

0
eb(1−s)eσ2W2(1−s)(ϑ−n−1ω)e2σ1W1(s−n−1)(ω) ds

)
y2 + O(‖y‖3)

(*)

y ∈ Ec(ω)

O denotes a specific random variant of the Landau symbol, with an exact
definition which is not important in this context.
Calculating the expectation value, we get

Eh(·, ω) = − c

2σ2
1 + b+ σ2

2
2

y2 + O(‖y‖3) 2)

On the other side it is seen easily, that the approximation for the manifold
of the unperturbed problem (σ1 = σ2 = 0 in (*)) results in

h(·) = −c
b
y2 + O(‖y‖3)

what is different compared with the calculated expectation value.

Both examples gave rise to the decision, not to follow the way sketched
initially in this chapter. This was made even more difficult by the fact, that
the vector fields on right sides of the considered differential equations in the
stochastic case are not representable by differentiation of the cocycles 3).

2) Now an ordinary Landau symbol.
3) This means the differentiation in time, which is in the most cases not achievable

for stochastic processes. On the other hand are deterministic flows defined by this
differentiation.



4. CALCULATION OF LYAPUNOV EXPONENTS FOR LINEAR
STOCHASTIC DIFFERENTIAL EQUATIONS WITH CONSTANT

COEFFICIENTS

Consider the following system of Itô equations:

dxt = Uxt dt+
m∑

k=1

V kxt ◦ dW k
t

The U = {uij} and V k = {vij} k ∈ {1 . . .m} are constant (n× n)-matrices.
The W k form m independent one-dimensional Wiener processes. xt is a n-
dimensional stochastic process and additionally a solution of the differential
equation system with x0 = x 6= 0. Since the Lyapunov exponents have the
form limt→∞

1
t ln ‖xt‖, we consider the process yt = ln ‖xt‖ and apply the

Itô formula to them. It follows

dxi
t dx

j
t =

m∑
k=1

n∑
l,p=1

vk
i,lv

k
j,p x

lxp dt

and
∂yt

∂xi
=

xi

‖xt‖2
,

∂2yt

∂xi∂xj
=

δij

‖xt‖
− 2xixj

‖xt‖2

and yt satisfies the equation

dyt =
n∑

i=1

xi
t

‖xt‖2

 n∑
j=1

uijx
i
t dt+

m∑
k=1

n∑
j=1

vk
ijx

j
t ◦ dW k

t

+ · · ·

· · ·+ 1
2

n∑
i,j

(
δij
‖xt‖2

− 2xi
tx

j
t

‖xt‖4

)
m∑
k

n∑
l,p

vk
ilv

k
jp x

l
tx

p
t dt

1)

With zt
def= xt

‖xt‖ we get the following differential equation over the unit
sphere:

yt = y0 +
∫ t

0
zT
t Uzt − ‖zt‖−2zT

t V̂ V̂
T zt +

1
2

trace (V̂ V̂ T ) dt+ · · ·

· · ·+
m∑

k=1

∫ t

0
zT
t V

kzt ◦ dW k
t

1) δij denotes the Kronecker symbol.
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Ṽ is a matrix with the vector V kzt as kth column. For t→∞ we get

lim
t→∞

1
t
yt = lim

t→∞

1
t

(∫ t

0
zT
t Uzt − ‖zt‖−2zT

t V̂ V̂
T zt +

1
2

trace (V̂ V̂ T ) dt
)

+ · · ·

· · ·+
m∑

k=1

lim
t→∞

1
t

∫ t

0
zT
t V

kzt ◦ dW k
t

The last summand vanishes almost surely, since the integrands are bounded.
The other limit exist a.s. if we impose a certain kind of ellipticity condition
[7, p. 130] to Ṽ Ṽ T .

Altogether follows

lim
t→∞

1
t

ln ‖xt‖ = λ a.s.

or

lim
t→∞

‖xt‖ = 0 a.s. for λ < 0 resp.

lim
t→∞

‖xt‖ = ∞ a.s. for λ > 0

The last conditions show the λ’s relation towards stability conclusions.



ERGODIC THEORY

This section provides some auxiliary concepts from ergodic theory.

Let (Ω,B) be a measurable space and T a measurable transformation on Ω.

Definition E1. A measure µ on a measurable space (Ω,B) is called invari-
ant, if:

µ(A) = µ(T−1(A)) ∀A ∈ B

where T−1(A) denotes the inverse image for A.

Conversely, we can assume a measure space (Ω,B, µ) and give the following
definition. In view of the application as probability measure, in this chapter
µ is assumed to be a finite and normed measure.

Definition E2. A bijective mapping T : Ω 7→ Ω is called measure pre-
serving, if T and T−1 are measurable and satisfy the condition:

µ(T (A)) = µ(A) ∀A ∈ B

Definition E3. A group of measure preserving mappings {Tt} T ∈ R or
T ∈ C is called a flow on Ω.

The flow property can also be expressed as an operator property in the
Hilbert space of quadratic integrable (complex) functions on Ω. I.e., is P a
point in Ω and Pt his image under Tt, than follows from the bijectivity for
all Tt ∫

f(P ) dµ =
∫
f(Pt) dµ

for all functions f in L1 (and L2). Denoting the linear operator on L2,
mapping f(P ) to f(Pt) for fixed t with Ut, than follows with the usual
scalar product in L2:

〈Utf, Utg〉 = 〈f, g〉 ∀f, g ∈ L2

I.e. Ut is unitary for all t and the Ut’s build a group. From now, all con-
sidered flows are assumed to be measurable and to satisfy the following
definition:
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Definition E4. The flow {Tt} is called measurable in t, if for all A ∈ B

the set {(P, t)} Pt ⊂ A is measurable in Ω× {t}.

The next theorem follows from the property, that the Ut build a group of
unitarian operators:

Theorem E5. Let {Ut} a group of unitarian operators on a Hilbert space
H. Then the following assertions are true:

Every f in H has a mean value (with respect to strong convergence):

lim
T−S→∞

1
T − S

∫ T

S
Utf dt = f∗

f∗ is invariant for all Ut, i.e. Utf
∗ = f∗

Proof. See [9, p. 24 ff.]

Additionally for all invariant ϕ is true:

〈f, ϕ〉 = 〈f∗, ϕ〉 (*)

Thereby, f∗ is unique determined.

(*) is due essentially to the fact that norm convergence implicates weak
convergence and the unitarity of Ut. The uniqueness is not trivial. [9] uses
certain properties of the partition of the unit associated with the spectral
representation of Ut.
The invariancy of f∗ can also be considered as solution of an eigenvalue
problem with eigenvalue 1.
If this eigenvalue is simple: f∗ = cϕ, then c is calculable from (*) with the
Ansatz ϕ def= ϕ0 and f∗ is representable in the form:

f∗ =
(f, ϕ0)
(ϕ0, ϕ0)

ϕ0 (**)

Corollary (Statistical Ergodic Theorem). Let H = L2(Ω). Than is
true:
Every function f(P ) ∈ L2 possesses a norm convergent time mean f∗(P ) in
L2(Ω):

lim
T−S→∞

∥∥∥∥ 1
T − S

∫ T

S
f(Pt) dt− f∗(P )

∥∥∥∥ = 0 (***)

f∗ is invariant under the flow and by 〈f, ϕ〉 = 〈f∗, ϕ〉, which is true for all
invariant ϕ, unique.
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Definition E6. The flow is called ergodic, if for all f ∈ L2 the time mean
in Ω is a constant almost everywhere.

In the ergodic case the eigenvalue in (**) is simple, since all invariant func-
tions are equal to their time means. Therefore (ergodicity!) they are con-
stant and consequentially multiples of each other. I.e., (**) with ϕ0 = 1 and
µ(Ω) = 1 implies:

f∗ =
(f, 1)
(1, 1)

=
∫
f dµ

This formula corresponds to the usual ”time mean = space mean” descrip-
tion of ergodicity.
In this case, the measure µ is also called ergodic (compare the different ap-
proachs leading to definition E1 resp. E2).

Definition E7. The flow is called metrically transitive if every measur-
able, invariant A ⊂ Ω has measure 0 or 1.

Remark. Invariancy is considered as invariancy of the characteristic function
χA(P ) for A.

Theorem E8. Ergodicity is equivalent to metrical transitivity.

Remark. It should be reminded that we assumed µ as finite. Without this
prerequisite some of the assertions remain true. However, the proof requires
considerably different auxiliary concepts.

Proof. (following [9, p. 30 ff.] ) A general conclusion from metrical transi-
tivity is the fact, that constants are the only measurable, invariant functions
(up to sets of measure 0). This is due to the fact, that the set of points in Ω
giving the function in question the same fixed value is invariant. Let A such
a set, associated with an invariant f . Then follows f(P ) = f(Pt) ∀P ∈ A.
This means, also Pt belongs to A, in other words, A is invariant. But A has
measure 0 or 1, hence f is essentially constant. But the time mean is an
invariant function, i.e. metrical transitivity implies ergodicity.
If we assume conversely ergodicity, than follows that all invariant functions
are constant. The characteristic function for invariant sets is per defini-
tionem invariant, hence almost everywhere constant. This implicates met-
rical transitivity.
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